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The violation of the so-called Lorentz invariance relations between parton distribution functions is con-
sidered in a model independent way. It is shown that these relations are not violated in a generalized
Wandzura–Wilczek approximation, indicating that numerically their violation may be small.
© 2009 Elsevier B.V. Open access under CC BY license. 1. Introduction
Parton distribution functions (PDFs) which are of higher twist
and/or which are transverse momentum dependent (pT -depend-
ent) contain important information on the partonic structure of the
nucleon being complementary to that encoded in the usual twist-2
distributions. These PDFs also become more important because of
the increasing accuracy of recent and planned high energy scatter-
ing experiments. The forward twist-3 PDFs are accessible through
certain spin asymmetries in polarized inclusive deep inelastic lep-
ton nucleon scattering (DIS) and Drell–Yan processes (integrated
upon the transverse momentum of the dilepton pair) [1–8]. On
the other hand the pT -dependent PDFs typically give rise to spin
and azimuthal asymmetries in, for instance, semi-inclusive DIS [9–
13] and Drell–Yan [14–17], and signiﬁcant effort has already been
devoted to measure such observables [18–30].
Several relations between (forward) twist-3 and (moments of)
pT -dependent PDFs have been proposed in the literature [2,9,10].
The derivation of these relations is based upon the general, Lorentz
invariant decomposition of the fully unintegrated correlator of two
quark-ﬁelds, where the ﬁelds are located at arbitrary space–time
positions. These so-called Lorentz invariance relations (LIRs) im-
pose important constraints on the PDFs which may allow one to
eliminate unknown PDFs in favor of the known ones whenever
applicable. However, in Refs. [31,32] it was demonstrated by an
explicit model calculation that two speciﬁc LIRs are actually vio-
lated. In [33] it was shown in a model independent way that the
violation can be traced back to the path-ordered exponential in
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repeat the argument below.
In the present Letter we address the question to what extent
the LIRs may be violated numerically. To this end it is outlined in a
model independent way that the LIRs are actually not violated in
a generalized Wandzura–Wilczek approximation where one sys-
tematically neglects certain quark–gluon–quark correlations as well
as current quark mass terms. This result indicates that the numer-
ical violation of the LIRs may be rather small and could even be
neglected in special cases.
2. Lorentz invariance relations and their violation
In order to discuss the LIRs and their violation we start with
the fully unintegrated quark–quark correlation function of a spin- 12
hadron deﬁned by1
Φi j(P , p, S|n−)
=
∫
d4ξ
(2π)4
eip·ξ 〈P , S|ψ¯ j(0)W(0, ξ |n−)ψi(ξ)|P , S〉. (1)
The target state is characterized by its four-momentum P =
P+n+ + (M2/2P+)n− and the covariant spin vector S (P2 = M2,
S2 = −1, P · S = 0), with the two light-like vectors n+ and n−
satisfying n2+ = n2− = 0 and n+ · n− = 1. The momentum of the
quark is denoted by p. The Wilson line W(0, ξ |n−) ensures color
gauge invariance of the correlator, where the speciﬁc path of the
gauge link will be given below. The knowledge of the correlator in
1 Recent work on how the unintegrated quark–quark correlator may enter observ-
ables can be found in [34,35].
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pT -dependent correlator Φ(x,pT , S), which appears in the QCD-
description of hard scattering processes like transverse momentum
dependent semi-inclusive DIS and the Drell–Yan reaction. The con-
nection between both objects is given by the relation
Φ(x,pT , S) =
∫
dp− Φ(P , p, S|n−), (2)
with x deﬁning the plus-momentum of the quark via p+ = xP+ .
The Wilson line in Eq. (1) can be ﬁxed according to
W(0, ξ |n−) = [0,0,0T ;0,∞,0T ] × [0,∞,0T ; ξ+,∞, ξ T ]
× [ξ+,∞, ξ T ; ξ+, ξ−, ξ T ], (3)
where [a+,a−,aT ;b+,b−,bT ] denotes a gauge link connecting the
points aμ = (a+,a−,aT ) and bμ = (b+,b−,bT ) along a straight
line. It is important to note that the Wilson contour in Eq. (3)
not only depends on the coordinates of the initial and ﬁnal points
but also on the light-cone direction n− . The path is chosen such
that, upon integration over the minus-momentum of the quark, it
leads to a proper deﬁnition of the pT -dependent correlator in (2)
[36–38]. The choice of the contour depends on the process un-
der consideration [39]. Here we restrict ourselves to the case of
semi-inclusive DIS, but all arguments hold as well for other pro-
cesses like Drell–Yan. It is also worthwhile to mention that Wilson
lines that are near the light-cone rather than exactly light-like (as
those in (3)) are generally more appropriate in connection with
unintegrated parton correlation functions. (More details on this im-
portant issue can be found in the recent work [40] and references
therein.) Our general reasoning here remains valid if one uses a
near light-cone direction instead of n− .
The general structure of the correlator in (1) was derived in
[41],2 and the result is also given in Eq. (28) in Appendix A. One
ends up with 32 matrix structures multiplied by scalar functions
that were denoted by Ai and Bi in [41]. In turn, the pT -dependent
PDFs can be deﬁned through Dirac traces of the pT -dependent cor-
relator in (2) given by [9,12,41]
Φ[Γ ](x,pT , S) ≡ 1
2
Tr
(
Φ(x,pT , S)Γ
)
. (4)
The results containing all the twist-2 and twist-3 PDFs are re-
peated in Appendix A, Eqs. (29)–(37). On the basis of the relation
(2) one can now express the pT -dependent PDFs through p−-
integrals upon the scalar functions Ai and Bi . The results are listed
in Appendix A, Eqs. (40)–(63).
In total there exist 32 pT -dependent PDFs which exactly agrees
with the number of independent amplitudes Ai and Bi . If one
neglects the dependence on the light-cone vector n− , which is in-
duced by the Wilson line, the correlator (1) merely consists of 12
matrix structures — those which are multiplied by the functions
Ai . In that case the number of pT -dependent PDFs is larger than
the number of the amplitudes Ai . This feature, in particular, gives
rise to LIRs between certain pT -integrated PDFs and (moments of)
pT -dependent PDFs [2,9,10]. Here we list the most important four
LIRs on which we focus in this work:
gT (x)
LIR= g1(x) + d
dx
g(1)1T (x), (5)
hL(x)
LIR= h1(x) − d
dx
h⊥(1)1L (x), (6)
f T (x)
LIR= − d
dx
f ⊥(1)1T (x), (7)
2 For a spin-0 hadron see Refs. [33,42].h(x)
LIR= − d
dx
h⊥(1)1 (x), (8)
with
g(1)1T (x) =
∫
d2pT
p2T
2M2
g1T
(
x,p2T
)
, etc., (9)
specifying certain pT -moments of the PDFs [9]. All PDFs on the lhs
of Eqs. (5)–(8) are twist-3 functions, while those on the rhs are
not suppressed in observables. The PDFs in Eqs. (5) and (6) are
time-reversal even (T-even), and the ones in Eqs. (7) and (8) are
T-odd. The derivation of the LIR (8) is sketched in Appendix A in
Eqs. (64)–(68).
If, however, one takes into account the Wilson line (n−-depend-
ence) in the correlator (1) the LIRs (5)–(8) are no longer fulﬁlled,
i.e., they are spoiled by the presence of the amplitudes Bi . The
reasoning shows in a model independent way that in the context
of a gauge theory, for which the Wilson line is mandatory, the LIRs
are violated. This is the general message of Ref. [33].
3. Lorentz invariance relations in a generalized
Wandzura–Wilczek approximation
Knowing that the LIRs are violated it is now natural to ask to
what extent they are violated numerically. If one gets an indication
that the violation of the LIRs should be small, these relations can
still serve as a useful tool — at least for qualitative studies of the
partonic nucleon structure. In what follows we consider the LIRs
and their violation in a model independent way using a special
approximation. We start with the discussion of the LIRs (5) and
(6) which contain T-even PDFs.
First we recall the following relations between pT -integrated
T -even PDFs [1,43]:
gT (x) =
1∫
x
dy
y
g1(y) + g˜′T (x), (10)
hL(x) = 2x
1∫
x
dy
y2
h1(y) + h˜′L(x), (11)
where g˜′T (x) and h˜′L(x) denote (purely interaction dependent)
quark–gluon–quark correlations and terms proportional to current
quark masses. An explicit representation of these terms can be
found, e.g., in [44] and partly also in [45]. Eqs. (10) and (11) iso-
late “pure twist-3 terms” in the PDFs gT (x) and hL(x). Here the
underlying “working deﬁnition” of twist [46] (a PDF is of “twist t”
if its contribution to the cross section is suppressed, in addition
to kinematic factors, by 1/Q t−2 with Q denoting the hard scale
of the process) differs from the strict deﬁnition of twist (mass di-
mension of the operator minus its spin).
The remarkable experimental observation is that g˜′T (x) is con-
sistent with zero within the error bars [3–8] and to good accuracy
one has
gT (x)
WW≈
1∫
x
dy
y
g1(y), (12)
which is the Wandzura–Wilczek (WW) approximation. Lattice QCD
[47,48] and the instanton model of the QCD vacuum [49] support
this observation. (Further discussions of the WW approximation in
related and other contexts can be found in Refs. [50–56].) Interest-
ingly, the latter predicts also h˜′ (x) to be small [57] such thatL
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WW≈ 2x
1∫
x
dy
y2
h1(y). (13)
An experimental test of this approximate relation does not yet
exist. (In this context see also the recent theoretical study in
Ref. [58].)
Now it is possible to show that the LIRs in Eqs. (5) and (6)
are not violated if one generalizes the WW approximation. For this
purpose we consider the following exact relations [9,12] originat-
ing from the QCD equations of motion (EOM):
g(1)1T (x)
EOM= x(gT (x) − g˜T (x))− m
M
h1(x), (14)
h⊥(1)1L (x)
EOM= − x
2
(
hL(x) − h˜L(x)
)+ m
2M
g1L(x), (15)
with the (1)-moments of the PDFs deﬁned in Eq. (9). The functions
g˜T (x) and h˜L(x) denote twist-3 quark–gluon–quark correlations. In
lightcone gauge these objects, like g˜′T and h˜′L , represent matrix ele-
ments of the type 〈|Ψ¯ ATΨ |〉. One therefore can assume that these
functions are small as well, although the explicit form of g˜T (h˜L)
differs from the one of g˜′T (h˜′L). In the following we denote as
“WW-type approximation” the neglect of the tilde-functions (and
quark mass terms) in the EOM-relations.3 Below we will also ad-
dress the phenomenological justiﬁcation of the WW-type approxi-
mation.
In order to proceed we introduce a measure g(x) and a mea-
sure h(x) for the violation of the LIRs (see for instance Refs. [44,
45] for explicit forms of these terms) according to
gT (x) = g1(x) + d
dx
g(1)1T (x) + g(x), (16)
hL(x) = h1(x) − d
dx
h⊥(1)1L (x) + h(x). (17)
If one substitutes the (1)-moments g(1)1T and h
⊥(1)
1L from (14) and
(15) in Eqs. (16) and (17), and uses both the WW approximation
and the WW-type approximation one ﬁnds
g(x)
WW,WW-type≈ −g1(x) − x d
dx
1∫
x
dy
y
g1(y) = 0, (18)
h(x)
WW,WW-type≈ −h1(x) − x2 d
dx
1∫
x
dy
y2
h1(y) = 0. (19)
Eqs. (18) and (19) show that the LIRs (5) and (6) are not violated if
a generalized WW approximation is applied. This result is not en-
tirely surprising keeping in mind that the violation of the LIRs is
related to the amplitudes Bi which are associated with the gauge
link of the fully unintegrated correlator in (1). Therefore, the Bi ’s
are necessarily related to quark–gluon–quark correlations which
are neglected in the (generalized) WW approximation. This is also
in line with the fact that in relativistic nucleon models without
gluonic degrees of freedom the LIRs are typically fulﬁlled (see, e.g.,
Refs. [59,60]).
We also point out that in the generalized WW approximation
instead of having the three functions g1, gT , and g
(1)
1T , there is only
one independent PDF. The same applies to the h-functions. In par-
ticular, one can immediately write
3 Note that in Ref. [12] for instance this approximation (for brevity) was just
called “WW approximation” because, like Eqs. (12) and (13), it also corresponds
to neglecting purely interaction dependent terms.g(1)1T (x)
WW,WW-type≈ x
1∫
x
dy
y
g1(y), (20)
h⊥(1)1L (x)
WW,WW-type≈ −x2
1∫
x
dy
y2
h1(y). (21)
Phenomenological work on the basis of those relations was, for
instance, carried out in [61–63]. In Ref. [63], Eq. (21) was used
in order to describe data for a certain longitudinal single spin
asymmetry in semi-inclusive DIS. This investigation shows that the
approximation (21) is not excluded, although more precise data
would be helpful for having a stronger test. Further support for the
generalized WW approximation — and therefore also justiﬁcation
for the WW-type approximation — comes from studies [64] of the
azimuthal cosΦ-dependence of the unpolarized cross section for
semi-inclusive DIS on the basis of the Cahn effect [65,66]. This ap-
proach, though neglecting tilde-functions from the QCD equations
of motion (and the Boer–Mulders effect, see Ref. [12] for more de-
tails), provides a quite satisfactory description of the available data
[64].
One has to keep in mind that neglecting several tilde-functions
as done in the last example, even if each by itself is small, may
naturally lead to a poor approximation. Two examples from semi-
inclusive DIS at subleading twist illustrate this. In the longitudi-
nal target spin asymmetry proportional to sinφ of the produced
hadron, the ‘overeager’ use of the WW-approximation would im-
ply that the observable is due to the Collins effect only, but data
[18] do not follow the ﬂavor pattern observed for the pure Collins
effect [20,22,24]. The use of the WW-approximation is also not
recommended in the case of the beam spin asymmetry, in which
the entire effect is due to tilde-functions. The data on this small
but clearly non-zero asymmetry [19] provide direct access to tilde-
functions and hence quark–gluon–quark correlations. In both cases
the asymmetries are small, which means that there does not need
to be a general conﬂict with the WW-approximation.
In case of the LIRs (7) and (8) which contain T -odd PDFs the
situation is slightly different and in principle even simpler. Due to
time-reversal invariance the pT -integrated T -odd PDFs f T (x) and
h(x) vanish [12,41],
f T (x) =
∫
d2pT f T
(
x,p2T
)= 0, (22)
h(x) =
∫
d2pT h
(
x,p2T
)= 0, (23)
which implies, considering the LIRs in Eqs. (7) and (8), that
d
dx
f ⊥(1)1T (x)
LIR= 0, (24)
d
dx
h⊥(1)1 (x)
LIR= 0. (25)
This means that f ⊥(1)1T and h
⊥(1)
1 are constants. In fact, since these
moments have to vanish for x = 1, one can conclude that they
should vanish for the entire x-range. So far we did not use any
approximation and only assumed that the LIRs (7) and (8) are not
violated. Now let us explore the EOMs [12] which, keeping in mind
(22) and (23), imply (see also Refs. [38,67,68])
f ⊥(1)1T (x)
EOM= x f˜ T (x), (26)
h⊥(1)1 (x)
EOM= x
2
h˜(x). (27)
In the WW-type approximation the tilde-functions are set to zero.
It then follows directly from Eqs. (26) and (27) that f ⊥(1) and h⊥(1)1T 1
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ing from the LIRs (24) and (25). So the LIRs (7) and (8) are also
not violated in the WW-type approximation.
Also for the T -odd functions we already have some phe-
nomenological input on the status of the WW-type approximation.
Since a nonzero asymmetry, typically attributed to the Sivers ef-
fect, was found in the HERMES experiment [20,22,24], in the case
of T -odd PDFs this approximation seems to be violated. On the
other hand the observed effect is not very large (of the order of
few percent), and one should not expect WW-type approxima-
tions to work to a much better accuracy than that. Moreover, the
Sivers effect studied at COMPASS is compatible with zero both for
a deuteron as well as a proton target [21,23,25,26]. Therefore, the
current experimental situation is not in conﬂict with a rather small
f˜ T in Eq. (26).
4. Summary
We have studied LIRs between parton distributions, known to
be violated in general, with the aim to understand how strong this
violation might be. It was found that LIRs are satisﬁed in a general-
ized WW approximation in which one systematically neglects cer-
tain quark–gluon–quark correlations as well as quark mass terms.
That would mean that LIRs could provide useful approximations
for unknown PDFs whenever applicable. Our approximation goes
beyond the successful “standard WW approximation” quoted in
Eqs. (12) and (13). In particular, we also neglected purely interac-
tion dependent terms which show up in relations originating from
the QCD equations of motion (see also Ref. [12]). We argued that
there exists experimental evidence for the validity of the gener-
alized WW approximation. On the other hand more (precise) data
and tests are needed before a ﬁnal conclusion can be reached. Only
forthcoming data analyses and experiments at COMPASS, HERMES,
and Jefferson Lab can ultimately reveal to what extent the general-
ized WW approximation (and the LIRs) provide useful approxima-
tions. Eventually, it is likely that the quality of the approximation
depends on the particular case (function) under consideration.
Note added
After completion of our work the manuscript [45] appeared where, on the basis
of the present data for the DIS structure function g2, a violation of the WW-relation
in Eq. (12) of the order 15–40% has been reported. However, the authors of [45]
also point out that more data are needed to ultimately settle the situation. In any
case, if generalized WW-relations were valid within a similar accuracy, they would
constitute helpful tools at the present stage for phenomenological studies of ﬁrst
data.
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Appendix A. Quark–quark correlators and the Lorentz invariance
relations
For completeness we give here the general structure of the fully
unintegrated quark–quark correlator in Eq. (1), the pT -dependent
quark–quark correlator (expressed in terms of pT -dependent PDFs)
in Eq. (2), the relations between PDFs and the amplitudes Ai , Biwhich parameterize the correlator in (1), as well as a brief account
on how to derive the LIRs in the case that the amplitudes Bi are
absent (like in a non-gauge theory).
The fully unintegrated quark–quark correlator (1) can be de-
composed according to [41]
Φ(P , p, S|n−)
= MA1 + /P A2 + /pA3 + i
2M
[/P , /p]A4 + i(p · S)γ5A5
+ M/Sγ5A6 + p · S
M
/Pγ5A7 + p · S
M
/pγ5A8 + [/P , /S]
2
γ5A9
+ [/p, /S]
2
γ5A10 + p · S
2M2
[/P , /p]γ5A11
+ 1
M
εμνρσ γμPν pρ Sσ A12 + M
2
P · n− /n−B1
+ iM
2P · n− [/P , /n−]B2 +
iM
2P · n− [/p, /n−]B3
+ 1
P · n− ε
μνρσ γμγ5Pν pρn−σ B4
+ 1
P · n− ε
μνρσ Pμpνn−ρ Sσ B5 + iM
2
P · n− (n− · S)γ5B6
+ M
P · n− ε
μνρσ γμPνn−ρ Sσ B7
+ M
P · n− ε
μνρσ γμpνn−ρ Sσ B8
+ p · S
M(P · n−)ε
μνρσ γμPν pρn−σ B9
+ M(n− · S)
(P · n−)2 ε
μνρσ γμPν pρn−σ B10
+ M
P · n− (n− · S)/Pγ5B11 +
M
P · n− (n− · S)/pγ5B12
+ M
P · n− (p · S)/n−γ5B13 +
M3
(P · n−)2 (n− · S)/n−γ5B14
+ M
2
2P · n− [/n−, /S]γ5B15 +
p · S
2P · n− [/P , /n−]γ5B16
+ p · S
2P · n− [/p, /n−]γ5B17 +
n− · S
2P · n− [/P , /p]γ5B18
+ M
2(n− · S)
2(P · n−)2 [/P , /n−]γ5B19
+ M
2(n− · S)
2(P · n−)2 [/p, /n−]γ5B20, (28)
where the convention ε0123 = 1 is understood. The scalar ampli-
tudes depend on the available kinematical invariants. Note that all
the Bi ’s are associated with matrix structures containing the light-
like vector n− .
The pT -dependent correlator in Eq. (2) can be speciﬁed by all
possible Dirac traces Φ[Γ ] deﬁned in Eq. (4), which in turn are pa-
rameterized through pT -dependent PDFs. A list of all traces was
given in Refs. [12,41]. Limiting oneself to twist-2 and twist-3 ef-
fects one has (in the conventions of [12]):
Φ[γ +](x,pT , S) = f1
(
x,p2T
)− ε
i j
T pT i ST j
M
f ⊥1T
(
x,p2T
)
, (29)
Φ[γ +γ5](x,pT , S) = λg1L
(
x,p2T
)+ pT · ST g1T (x,p2T ), (30)M
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= SiT h1
(
x,p2T
)+ λ piT
M
h⊥1L
(
x,p2T
)
− p
i
T p
j
T + 12p2T gi jT
M2
ST jh
⊥
1T
(
x,p2T
)− ε
i j
T pT j
M
h⊥1
(
x,p2T
)
, (31)
Φ[1](x,pT , S) = M
P+
[
e
(
x,p2T
)− ε
i j
T pT i ST j
M
e⊥T
(
x,p2T
)]
, (32)
Φ[iγ5](x,pT , S) = M
P+
[
λeL
(
x,p2T
)+ pT · ST
M
eT
(
x,p2T
)]
, (33)
Φ[γ i ](x,pT , S)
= M
P+
[
−εi jT ST j f T
(
x,p2T
)− λε
i j
T pT j
M
f ⊥L
(
x,p2T
)
− p
i
T p
j
T + 12p2T gi jT
M2
εT jk S
k
T f
⊥
T
(
x,p2T
)+ piT
M
f ⊥
(
x,p2T
)]
, (34)
Φ[γ iγ5](x,pT , S)
= M
P+
[
SiT gT
(
x,p2T
)+ λ piT
M
g⊥L
(
x,p2T
)
− p
i
T p
j
T + 12p2T gi jT
M2
ST j g
⊥
T
(
x,p2T
)− ε
i j
T pT j
M
g⊥
(
x,p2T
)]
, (35)
Φ[iσ i jγ5](x,pT , S)
= M
P+
[
−εi jT h
(
x,p2T
)+ SiT p
j
T − piT S jT
M
h⊥T
(
x,p2T
)]
, (36)
Φ[iσ+−γ5](x,pT , S) = M
P+
[
λhL
(
x,p2T
)+ pT · ST
M
hT
(
x,p2T
)]
. (37)
Here use has been made of the Sudakov decompositions
S = λ P
+
M
n+ − λ M
2P+
n− + ST , (38)
p = xP+n+ + p−n− + pT , (39)
and of εi jT = ε−+i j .
On the basis of the relation in (2) it is straightforward to ex-
press the pT -dependent PDFs through the amplitudes Ai and Bi .
We again restrict ourselves to the twist-2 and twist-3 case for
which we obtain
f1
(
x,p2T
)= 2P+
∫
dp− (A2 + xA3), (40)
f ⊥1T
(
x,p2T
)= 2P+
∫
dp− A12, (41)
g1L
(
x,p2T
)= 2P+
∫
dp−
(
−A6 − P · p − M
2x
M2
(A7 + xA8)
− B11 − xB12
)
, (42)
g1T
(
x,p2T
)= 2P+
∫
dp− (A7 + xA8), (43)
h1
(
x,p2T
)= 2P+
∫
dp−
(
−A9 − xA10 + p
2
T
2M2
A11
)
, (44)
h⊥1L
(
x,p2T
)= 2P+
∫
dp−
(
A10 − P · p − M
2x
M2
A11 − B18
)
, (45)
h⊥1T
(
x,p2T
)= 2P+
∫
dp− A11, (46)h⊥1
(
x,p2T
)= 2P+
∫
dp− (−A4), (47)
e
(
x,p2T
)= 2P+
∫
dp− A1, (48)
e⊥T
(
x,p2T
)= 2P+
∫
dp− B5, (49)
eL
(
x,p2T
)= 2P+
∫
dp−
(
− P · p − M
2x
M2
A5 − B6
)
, (50)
eT
(
x,p2T
)= 2P+
∫
dp− A5, (51)
f T
(
x,p2T
)= 2P+
∫
dp−
(
− P · p − M
2x
M2
A12 − B7
− xB8 − p
2
T
2M2
B9
)
, (52)
f ⊥L
(
x,p2T
)
= 2P+
∫
dp−
(
−A12 + B8 + P · p − M
2x
M2
B9 + B10
)
,
(53)
f ⊥T
(
x,p2T
)= 2P+
∫
dp− (−B9), (54)
f ⊥
(
x,p2T
)= 2P+
∫
dp− A3, (55)
gT
(
x,p2T
)= 2P+
∫
dp−
(
−A6 + p
2
T
2M2
A8
)
, (56)
g⊥L
(
x,p2T
)= 2P+
∫
dp−
(
− P · p − M
2x
M2
A8 − B12
)
, (57)
g⊥T
(
x,p2T
)= 2P+
∫
dp− A8, (58)
g⊥
(
x,p2T
)= 2P+
∫
dp− (−B4), (59)
h
(
x,p2T
)= 2P+
∫
dp−
(
P · p − M2x
M2
A4 + B2 + xB3
)
, (60)
h⊥T
(
x,p2T
)= 2P+
∫
dp− (−A10), (61)
hL
(
x,p2T
)
= 2P+
∫
dp−
(
−A9 − P · p
M2
A10 +
(
P · p − M2x
M2
)2
A11
− B15 + P · p − M
2x
M2
B16 + P · p − M
2x
M2
xB17
+ P · p − M
2x
M2
B18 + B19 + xB20
)
, (62)
hT
(
x,p2T
)
= 2P+
∫
dp−
(
− P · p − M
2x
M2
A11 − B16 − xB17
)
. (63)
In the following we give a brief account on how to derive the
LIRs in the case that the amplitudes Bi are absent using as an
example the LIR in Eq. (8). (See also the original references [2,9,
10].) Starting from (60) one gets
h(x) = 2P+
∫
dp− d2pT
(
P · p − M2x
M2
A4 + B2 + xB3
)
=
∫
dσ dτ d2pT δ
(
τ − xσ + M2x2 + p2T
)
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(
σ − 2M2x
2M2
A4 + B2 + xB3
)
= π
∫
dσ dτ Θ
(
τ − xσ + M2x2)
×
(
σ − 2M2x
2M2
A4 + B2 + xB3
)
, (64)
where σ = 2p · P , τ = p2, Ai = Ai(σ , τ ) and Bi = Bi(σ , τ ). Using
(9) and (47) allows one to write
h⊥(1)1 (x)
= 2P+
∫
dp− d2pT
p2T
2M2
(−A4)
=
∫
dσ dτ d2pT
p2T
2M2
δ
(
τ − xσ + M2x2 + p2T
)
(−A4). (65)
To solve the integral in (65) in the same way as in (64) one can
use the relation [2]
∫
dσ dτ d2pT
p2T
2M2
δ
(
τ − xσ + M2x2 + p2T
)F(x,σ , τ )
= −π
1∫
x
dy
∫
dσ dτ Θ
(
τ − yσ + M2 y2)
×
(
σ − 2M2 y
2M2
F(y,σ , τ )
− τ − yσ + M
2 y2
2M2
∂F
∂ y
(y,σ , τ )
)
, (66)
where F(x, σ , τ ) is a generic function representing a linear com-
bination of the amplitudes Ai , Bi . This relation can be proved by
differentiating both sides with respect to x and using the fact that
the integration area vanishes at x = 1. Applying relation (66) to
(65) one obtains
h⊥(1)1 (x) = −π
1∫
x
dy
∫
dσ dτ Θ
(
τ − yσ + M2 y2)
×
(
σ − 2M2 y
2M2
(−A4)
)
, (67)
d
dx
h⊥(1)1 (x) = −π
∫
dσ dτ Θ
(
τ − xσ + M2x2)
×
(
σ − 2M2x
2M2
A4
)
. (68)
Comparing now (64) and (68) it is clear that the LIR in (8) is ful-
ﬁlled if the amplitudes Bi (here B2 and B3) are absent.
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